Invariants and representation spaces
for shapes and forms
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Planar Curves
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Signal representation
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Signal representation
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Planar Curves
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Arc-length and Curvature

s(p)= chldp = |C, =], (;zcszlgpl)




Linear Transformations

Affine: {(%,5}" = Adx,y} +b,

Euclidean: A= [lx_tl,b_tz], where <L71,L72> =0 and < I/_tl-,b_ti> =1.




Linear Transformations

Equi-Affine: {(x,7} = A{x,y} +b, det(Ad)=1.




Differential Signatures

= Euclidean invariant signature {SaK(S)}




Differential Signatures

= Euclidean invariant signature {SaK(S)}




Differential Signatures

= Euclidean invariant signature {K’(S),K‘S (S)}

Cartan Theorem




Euclidean arclength

* Length is preserved, thus 1 = (Cy, Cy)
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Equi-affine arclength

= Area is preserved, 1= (Co, Cov)
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Scale inv. arclength

= Ratio is preserved, 1 — @
0
\Cp\ = k|Cly]
—_ = k|Cppo]
= K[Cp|po
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Scale invariance?
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From curves to surfaces

dr? = (zydu + z,dv) = 22 du® + 22,2, dudv + x2dv?

ds® = dz° + dy® + dz°
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From curves to surfaces

d5® = kike(dz? + dy* + dz?)
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Farthest Point Sampling - Voronoi

Scale invariant

metric metric

Aflalo Raviv K. STAM IS




Generalized MDS

) Eij :‘K‘<Si’Sj>
Scale inarianT metric
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Circulant Matrix Decomposition




“© " |Circulant Matrix Decomposition
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Circulant Matrix Decomposition
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On the origin of Fourier transform
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Scale invariant arclength
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From curves to surfaces




Regular metric g, = <Sl.,Sj>

A¢.=A9. Eigenfunctions




Scale invariant metric g, =|K|(S..S,)
A¢.=29, Eigenfunctions




Self caricaturization

Coordinates scaling by the Gaussian curvature

. b, '.a.'.'
1
\ £
-~ ¢ -
\ ‘ 1‘
' r' J ' ) -
> Y
w M T I
Y ‘I ‘ ) !
lj/.' -"' {/ﬁ ,:u
- o 2 ~ o
| [VS—[K[" VS| da AGS:VG-(‘K‘ VGS)

Sela, Aflalo, K. CVIU




Self cgricaturization

Scaling by the Gaussian curvature
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Self caricaturization
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Ag Optimality of the spectral domain

The LBO spectral domain is optimal in approximating
functions with bounded gradient magnitude.

Let S bea given Riemannian manifold with a metric (gij),
the induced LBO, A, with associated spectral basis

{¢z} where g¢i _ )\Z¢Z

For any f:5 =R, the representation error
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Optimality of the spectral domain

By the Courant-Fischer min-max principle, there is no scalar

0 < a < 1 and a basis {lbz}fil such that for any f
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The natural spectral domain is optimal for approximating
smooth functions.
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Shape representation
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Shape representation
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Principal Component Analysis

Given {33Z f]f:l A
2
Find P optimized for mﬁnz PPTxZ- — X
1=1 :
st. PP =1,

LBO eigenfunctions optimize the Dirichlet energy

® = arg min Z va@Hg
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S.t. <¢i,¢j>g — 5@']’7 \V/(i,j)




Regularized PCA (by LBO)
PCA LBO
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V.d|=1
g = <S,-aSj> Voronoi Diagrams

Raviv BronsteinZ Waisman Soche




v.d|=1
Equi-Affine invariant Voronoi Diagrams
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Axiomatic invariants - curves

Euclidean dS = ‘Cp|dp g = <Cp7 C’p>1/2
Equi-affine v = (Cp°Cpp)1/3dp g = (C’p-Cpp)l/g
Scale  df) = k[C)p|dp g = k|Cp|
Euclidean <SZ, SJ>
gm (Su, S, Sij)
Equi-affine ggA = Gi; /91/4

Scale gw — Kgm
Affine g; = KP4




Learning invariants
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Learning using Axiomatic Knowledge

Richardson, Sela, Or-El, K. 2017
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Learning using Axiomatic Knowledge




Learning using Axiomatic Knowledge

We know how to model faces

Richardson, Sela, Or-El, K. 2017
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